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Large–Nc QCD, Harmonic Sums, and the Riemann Zeros
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Abstract
It is shown that in Large–Nc QCD, two–point functions of local operators become Harmonic Sums. We comment on
the properties which follow from this fact. This has led us to an aside observation concerning the zeros of the Riemann
zeta–function seen from the point of view of Dispersion Relations in Quantum Theory.
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1. Introduction
The subject of Sum Rules in QCD was pioneered in a
series of seminal papers by Shifman, Vainshtein and Za-
kharov (SVZ). We are celebrating in this meeting the
thirty-first anniversary of these papers [1]. As shown
by SVZ there are many interesting properties of Hadron
Physics which in QCD are governed by two–point func-
tions of local color singlet operators.
Here I would like to show that in large–Nc QCD,
these two–point functions become simple Harmonic
Sums 2. In full generality, an Harmonic Sum is char-
acterized by a Base Function (in our case the disper-
sion relation which the two–point function in question
obeys) and a Dirichlet Series
Σ(s) =
∞∑
n=1
λnµ
−s
n , (1)
where the µn are called the Frequencies (the poles of the
two–point function in the Minkowski region in our case)
and the λn the Amplitudes (the residues of the poles).
A particular case of a Dirichlet Series is the Riemann
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zeta function:
ζ(s) =
∞∑
n=1
n−s =
∏
primes(p)
1
1 − 1ps
, Re(s) > 1 , (2)
where λn = 1, µn = n. The Euler product expression in
the r.h.s. extends to all prime numbers p.
2. The Adler Function as an Harmonic Sum
We shall consider the Adler Function as an example to
illustrate our claims. With Π(q2) the vector-current cor-
relation function, the Adler Function in the euclidean
(Q2 = −q2 ≥ 0) is given by the dispersion relation
A(Q2) =
∫ ∞
0
dt Q
2
(t + Q2)2
1
pi
ImΠ(t) , (3)
with a spectral function which in large–Nc QCD is an
infinite sum of narrow states
1
pi
ImΠ(t) =
∞∑
n=1
γn M2n δ(t − M2n) . (4)
Setting
z =
M2
Q2 , µn =
M2n
M2
, M2 ≡ M21 , (5)
the Adler Function becomes the sum
A(Q2) =
∞∑
n=1
γn
µnz
(1 + µnz)2 . (6)
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This is a typical Harmonic Sum which we can write as
follows:
A (z) = γ
∞∑
n=1
λn gAdler(µnz) , (7)
with
γ ≡ γ1 , λn = γn
γ
, (8)
and where the Base Function is
gAdler(x) = x(1 + x)2 . (9)
The crucial property of Harmonic Sums is that they
have a factorizable Mellin–Transform 3. In our case
M[A(z)](s) = γM[gAdler(z)](s) Σ(s) , (10)
with
M[gAdler(z)](s) = Γ(1 + s)Γ(1 − s) , (11)
and Σ(s) the Dirichlet series in Eq. 1 with µn and λn
defined in Eqs. 5, 8 and 4. This implies that, in Large–
Nc QCD, the Adler function has a simple Mellin–Barnes
representation:
A(z) = γ
2pii
c+i∞∫
c−i∞
ds z−s Σ(s) Γ(1 + s)Γ(1 − s) , (12)
where all the Dynamics is encoded in the Dirichlet Se-
ries Σ(s). In this representation one can read off the
asymptotic behaviours for large–z (i.e. the chiral ex-
pansion) and small–z (i.e. the short–distance expansion
or OPE expansion) in a straightforward way 4. The inte-
gration path in Eq. 12 lies in the so called Fundamental
Strip [2] which is defined by the intersection of the con-
vergence domain of the base function, Re(s) ∈ ]−1,+1[
in our case, with the domain of absolute convergence of
the Dirichlet Series Σ(s).
The remarkable property of the representation in
Eq. 12 is that the dependence in Q2 (z = M2Q2 ) is now
completely factorized from the details of the spectrum,
which are in Σ(s). Notice that this factorization is valid
regardless of the comparative sizes of the masses (fre-
quencies) in the physical spectrum versus the value of
Q2. In fact once γ and M2, the parameters of the lowest
3The Mellin transform of a function F(z): M[F(z)], is defined by
the integral M[F(z)] =
∫ ∞
0 dzz
s−1F(z), in the domain of s where the
integral exists.
4Applications of this property of the Mellin–Barnes representation
in QED and QCD have been recently discussed in refs. [3–5] and ref-
erences therein.
state in the spectrum are fixed 5, the underlying Physics
is entirely governed by the numerical series Σ(s). One
could imagine a situation, less ambitious than solving
Large–Nc QCD, where one may be able to calculate just
the regularities which fix Dirichlet Series like Σ(s).
So far, at the phenomenological level and in the ab-
sence of a knowledge of the Dirichlet Series from first
principles, one can proceed by making an ansatz based
on known properties of the two–point function one is
considering: the OPE at short–distances and chiral per-
turbation theory at long–distances. Ideas closely related
to that have been discussed in the literature 6. Here I
will not get into the details of the applications which
have been made so far but rather, as a hommage to SVZ,
I want to discuss what I think to be an interesting aside
observation on Sum Rules.
3. The Riemann Zeros and Sum Rules
In Theoretical Physics, we often consider well known
functions as models to illustrate some physical features
which we would like to understand. Here I shall do the
contrary, I will consider the physical framework of Dis-
persion Relations in Quantum Field Theory to discuss a
problem in Mathematics. The problem has to do with
the positions of the zeros of the Riemann zeta function
defined by Eq. 2 and its analytic continuation 7 which
extends to all values of s except at s = 1 where it has a
simple pole with residue 1.
The interesting object for our purposes is the loga-
rithmic derivative of the Riemann zeta function which,
using the Euler product expression in Eq. 2, can be writ-
ten as a Dirichlet Series:
− ζ
′(s)
ζ(s) =
∑
primes p
log(p)
∞∑
k=1
p−ks
=
∞∑
n=1
Λ(n) n−s
︸         ︷︷         ︸
Dirichlet Series
, Re(s) > 1 , (13)
where the Λ(n) (n integer) are the so called Von Man-
goldt Amplitudes:
Λ(n) =
{
log(p) , if n = pk
0 , otherwise (14)
5Notice that γ is related to the electronic width of the lowest vector
state: γ = 32piα2
1
Mρ Γρ→e+e− .
6Some relevant references are [6–13]. This is, however, a very
incomplete list and I apologize for omissions.
7For a nice elementary treatment of the Riemann zeta function see
e.g. refs. [14, 15].
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A plot of the Von Mangoldt amplitudes for the first
hundred integers is shown in Fig. 1. In fact, there ex-
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Fig. 1 The Von Mangoldt values Λ(n) for the first 100 inte-
gers. The upper curve corresponds to integer values coincid-
ing with a prime number. The background points correspond
to integers which are more than a power of a prime number.
They appear as successive horizontal points as we increase n.
ists an explicit expression for the analytic continuation
of the Dirichlet series in Eq. 13, which follows from
Hadamard’s product formula for ζ(s) [15]:
ΣVonM(s) ≡ −ζ
′(s)
ζ(s) = log
1
2pi
+
s
s − 1
+
∞∑
n=1
s
2n(s + 2n) −
∑
ρ
s
ρ(s − ρ) . (15)
The poles at s = −2, −4 −6 · · · correspond to the trivial
zeros of ζ(s) and the poles at s = ρ to all the remaining
zeros. The non–trivial zeros satisfy 0 < Re(ρ) < 1 ,
and because of the Symmetry Relation s → 1 − s, they
must be located symmetrically relative to the vertical
line Re(s) = 1/2 , the so called critical line. The famous
Riemann Hypothesis (RH) states that all the non–trivial
zeros have Re(s) = 1/2 .Numerically, all the non–trivial
zeros which have been evaluated so far do indeed satisfy
the RH.
The question we want to discuss: What are the
properties of a Large–Nc QCD–like Green’s Function
which has as a spectral function the one associated to
the Von Mangoldt Dirichlet Series i.e.,
1
pi
ImΠVonM(t) =
∞∑
n=1
Λ(n) nM2 δ(t − nM2) , (16)
with the ampltudesΛ(n) plotted in Fig. 1 replacing now
the γn–couplings in the Adler spectral function ?
I wish to clarify the meaning of this question. From
the point of view of QCD, this spectral function can only
be considered, at best, as a toy model of large–Nc, per-
haps as a toy model of duality violations. What seems
interesting to me, however, is the fact that such an ab-
stract mathematical question as the RH can be phrased,
as we shall see below, in terms of the language familiar
to physicists working in Quantum Field Theory.
Let us call ΠVonM(q2) the two–point function which
has as an imaginary part the Von Mangoldt spectral
function in Eq. 16. The function ΠVonM(q2) obeys then
a dispersion relation modulo a subtraction polynomial
which is fixed by the requirement that the Taylor expan-
sion at the origin Q2 = 0 be well defined. The fact that
the Van Mangoldt Dirichlet series in Eq. 13 is defined
for Re(s) > 1 requires the number of subtractions to
be three. They can be removed by taking three deriva-
tives in the dispersion relation. This defines a function
PVonM(z) in the euclidean (z = M2Q2 ), the analog of the
Adler function in Eq. 3:
PVonM(z) =
∫ ∞
0
dt Q
4
(t + Q2)3
1
pi
ImΠVonM(t) (17)
=
∞∑
n=1
Λ(n) nz(1 + nz)3 , (18)
with the corresponding Mellin–Barnes representation
(c = Re(s) ∈ ] + 1,+2[)
PVonM(z) =
1
2pii
c+i∞∫
c−i∞
ds z−s ΣVonM(s) Γ(s + 1)Γ(2 − s) , (19)
where ΣVonM(s) is given in Eq. 15. Everything is explic-
itly known in this representation and we can now apply
the Inverse Mapping Theorem of ref. [2] to compute the
asymptotic behaviour of PVonM(z).
The interesting expansion is the short–distance ex-
pansion corresponding to large–Q2 (small–z). This ex-
pansion is governed by the singularities at the left of
the fundamental strip i.e. s ≤ 1. The singularities
at s = −1,−2,−3, · · · generated by the Γ(s + 1) fac-
tor in the integrand and by the poles in ΣVonM(s) at
s = −2,−4,−6, · · · corresponding to the trivial zeros
of ζ(s) give rise to odd powers of
O
(
M2
Q2
)2n+1
, n = 0, 1, 2, 3 · · · , (20)
as well as to even powers (n = 1, 2, 3 · · · ) of
O
(
M2
Q2
)2n
log Q
2
M2
, O
(
M2
Q2
)2n
. (21)
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These terms are rather analogous to the usual power
terms which originate in the OPE in Quantum Field
Theory. The leading singularity at s = 1 gives rise to
the leading asymptotic behaviour for Q2 large, which
is:
1
s − 1 ⇒ Γ(2)Γ(2)z
−1
=
Q2
M2
, (22)
in fact rather similar to the leading behaviour of a QCD–
like two–point function generated by a scalar current.
The interesting terms are of course the ones gener-
ated by the next–to–leading singularities at s = ρ in the
ΣVonM(s) function; i.e. the ones induced by the non–
trivial zeros of the Riemann zeta function. They give
rise to non–power terms:
− 1
s − ρ ⇒ −Γ(ρ + 1)Γ(2 − ρ)z
−ρ , (23)
which appear in pairs of O
( Q2
M2
)|ρ|
and O
( Q2
M2
)1−|ρ|
, mod-
ulated by an oscillating behaviour in Q2. In the particu-
lar case where ρ = 1/2 ± iη, i.e. for the zeros satisfying
the RH, these terms collapse to a unique non–power be-
haviour of O
(√
Q2
M2
)
:
−1
s −
(
1
2 + iη
) + −1
s −
(
1
2 − iη
) ⇒
−
√
Q2
M2
1 + 4η2
2
pi
cosh piη
cos
(
η log
M2
Q2
)
, (24)
modulated by oscillating cos
(
η log M2Q2
)
factors, one for
each value of η along the critical line of zeros, with
amplitudes 1+4η
2
2
pi
coshpiη which decay exponentially for η
large.
We therefore conclude: The Riemann Hypothesis
is equivalent to the existence of a unique type of non–
power terms of O
(√
Q2
M2
)
in the short–distance expan-
sion of the two–point function associated to the Von
Mangoldt spectral function in Eq. 16.
4. Quantum Mechanics Sum Rules
It is perhaps helpful to discuss the previous consid-
erations within a more general Statistical Mechanics
Framework. My discussion will be limited to Hamil-
tonians H with no explicit time dependence.
The probability transition amplitude in Quantum Me-
chanics is defined as
〈q f , t f |qi, ti〉 = 〈q f |e−iH(t f−ti)|qi〉 . (25)
The evolution in imaginary time leads to a Statistical
Mechanics interpretation which is characterized by the
Partition Function
Z = Tr exp−βH . (26)
With t f − ti = −iβ, we then have the spectral representa-
tion:
〈q f |e−βH |qi〉 =
∑
n
e−βEn 〈q f |n〉〈n|qi〉︸       ︷︷       ︸
Ψn(q f )Ψ∗n(qi) . (27)
In particular, the lim β → ∞; i.e., T → 0, [β = 1kT ], is
governed by the ground state contribution:
lim
β→∞
〈q f |e−βH |qi〉 ≃ e−βE0Ψ0(qi)Ψ∗0(q f ) . (28)
In general:
E0 = lim
β→+∞
−1
β
log Tre−βH . (29)
The following quantity
M(β) = 〈q f = 0|e−βH |qi = 0〉
=
∑
n
|Ψn(0)|2 exp[−βEn] . (30)
is of special interest to us because it provides the Quan-
tum Mechanics framework to discuss Riemann zeros
and Sum Rules. The relevant Hamiltonian is one with
levels
En = nE0 , (31)
and wave functions at the origin
|Ψn(0)|2 = Λ(n) , (32)
i.e. the Von Mangoldt amplitudes define in Eq. 14.
The relevant Mellin–Barnes representation is then
MVonM(β) = 12pii
c+i∞∫
c−i∞
ds(βE0)−s ΣVonM(s) Γ(s) , (33)
with a fundamental strip defined now by the interval c =
Re(s) ∈ ] + 1,∞[ and ΣVonM(s) the same expression
as in Eq. 15. The inverse mapping theorem applied to
this formula gives us the expansion at small β; i.e. the
4
expansion at high temperature
(
β = 1kT
)
:
MVanM(β) ∼
β→ 0
1
βE0
− 1√
βE0
∑
η
[
Γ(1/2 + iη)eiη log(βE0) + c.c.
]
+ log
1
4pi
+βE0
log (8pi) − 12 +
∑
ρ
1
ρ(1 + ρ)

+(βE0)2
[
1
2 log
βE0
4pi −
1
2
(
5
6 − γE
)
−
∑
ρ
1
ρ(2 + ρ)
 + O [(βE0)3] . (34)
In this expression the leading behaviour in the first line
is the one associated to the trivial singularity at s = 1,
while the second line gives the asymptotic behaviour
reflected by the non–trivial zeros located at s = 1/2.
The Riemann Hypothesis implies that these are the
only possible non–power terms in the expansion. A
constant term as well as odd power terms in (βE0) are
generated because of the Γ(s) factor in Eq. 33 with coef-
ficients which, except for the constant term, depend on
the location of the non–trivial zeros (the ρ’s). The triv-
ial singularities at s = −2n generate powers in (βE0)2n
modulated by a log(βE0) factor and powers of (βE0)2n.
The latter are modulated by coefficients which also de-
pend on the positions of the non–trivial zeros (the ρ’s).
An interesting question which we are investigating
at present [16] is: can one reconstruct the equivalent
potential which produces a spectrum of discrete levels
En = nE0 with the corresponding wave functions at the
origin known in modulus |Ψn(0)|2 = Λ(n)?
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